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Fig. 1. Intuition of the metric - The configuration rg is such that
the actuator is unloaded and in equilibrium. The path r(¢) through the
configuration space () is such that the output of the actuator is kept in
equilibrium. The metric is the ratio between the increase of energy and the
increase of stiffness along the path.

The total work done by the actuator along r(t) is
AE = / (dH | dt @)
¢

where dH is the differential of the energy function H, 7(t)
is the tangent vector to 7(t), and the dual product (dH|7) is
in fact the Lie derivative of [ along r. Similarly, we may
calculate the total change of stiffness along r(t) as

AK = /(dK|f) dt (5)
t

where dK is the differential of the output stiffness K and
the dual product (dK|r) is the Lie derivative of K along 7.
The scenario is depicted in Fig. 1. Based on the argument
that, in the equilibrium configuration x = 0, the performance
of a variable stiffness actuator can be considered high if a
large change of stiffness is achieved with a small amount of
energy, we introduce the following metric
AFE
p=|5m|  B/Nm] ©)
in which the absolute value is taken so that 4 = 0 is
the global minimum, i.e. the lower p is, the better is the
performance of the actuator. The units imply a rotational
actuator, since a linear actuator can be converted into a
rotational actuator by a simple transformation. Note that this
metric is only valid to compare variable stiffness actuators
with similar physical specifications in terms of range of
output stiffness and range of deliverable output force.

III. PORT-BASED ANALYSIS OF VARIABLE
STIFFNESS ACTUATORS

In this section, we present a port-based mathematical
model for generic variable stiffness actuators. This modeling
approach gives important intuitions on the energy flows and
it helps both in the interpretation of the metric (6) and in the
design criteria for new actuators, which optimize the metric.

The generalized bond graph representation of a variable
stiffness actuator is depicted in Fig. 2, by using a Dirac
structure. Each bond represents a power flow, defined to be
positive in the direction of the half arrow. The power flow is
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Fig. 2. Generalized representation of a variable stiffness actuator - The
Dirac structure defines the interconnections between the different elements
and, therefore, how power is distributed among the ports. The multi-bonds
allow any number of springs, i.e. the C-element, and any number of external
inputs (7, ¢). The output port (F,z) is characterized by a single-bond.

characterized by two power conjugate variables: efforts and
flows. If the linear space F is the space of admissible flows,
then its dual space £ := F* is the space of admissible efforts.
The dual product (e|f) yields power, Ve € £ and Vf € F. In
the mechanical domain, forces and torques are efforts, and
velocities are flows.

The multi-dimensional C-element represents the internal
springs and it is characterized by an internal state, denoted
by s, and by the energy function H(s). The port behaviour
is defined by the conjugate variables (es, fs), given by

_0H
= bs 7
fs:eé

The port (F, &) is the output port of the actuator. Recall that
the force F' can be either a linear force or a torque, depending
on the type of the actuator. Likewise, 2 is either a linear
or a rotational velocity. The multi-dimensional port (7, q)
is the port through which the internal degrees of freedom
q are actuated. Depending on the actuator, 7 denotes either
generalized forces or torques and ¢ generalized velocities,
either translational or rotational.

The Dirac structure D € {D}, where {D} is the complete
set of allowable Dirac structures, defines how the power
flows between the connected ports. The structure is power
continuous, as follows from the definition in [8]

{D}={Dc&EXF|lelf) =0 V(e f)eD} (8

Note that the Dirac structure does not need to be constant.
It may depend on the end effector position x and the
configuration of the internal degrees of freedom g, i.e., it
defines a constraint relation between the efforts and flows
of the connected ports. This allows the following matrix
representation

$ 0 A(g,z)  Blg,z)]| [4

| = |-Alg,2)" 0 Clgz)| [ 4| O

F —B(q,{lﬁ)T _C(qvx)T 0 &
D(q,z)

where the skew-symmetric matrix D(q, «) defines the Dirac
structure. For simplicity, no friction or inertia are considered
in the model, but the model can be easily extended to
incorporate this.

3280

Authorized licensed use limited to: UNIVERSITA PISA S ANNA. Downloaded on August 05,2010 at 09:51:32 UTC from IEEE Xplore. Restrictions apply.



From Eq. (9), some important observations may be de-
rived. Since in the mechanical domain, a power continu-
ous transformation between forces and velocities does not
regularly exist, we assume C(g,z) = 0, without loss of
generality.

The most important observation follows when we compute
the energy stored in the system, i.e. in the springs. The
variation of the energy stored in the system is given by

dH _ 0H ds
dt — 0Os dt
0H
— S (Alq.2)i + Blg,7)3) 1o
i

Note that the energy stored in the springs results from
power supplied through the ports (F, &) and (7, ¢), which is
consistent with the power continuity of the Dirac structure. It
follows that, if the internal degrees of freedom ¢ are changed
via the port (7, ¢), energy is added to or removed from the
system unless A(g,z)¢ = 0. This result is summarized in
the following Lemmas.

Lemma 3.1: Let the port-based representation of a vari-
able stiffness actuator be

5 0 A(q, ) B(gx)| [5F
| = |-A(q,2)T 0 0 q (11)
F —B(q,x)T 0 0 &

D(q,x)

where s is the state of the internal springs, q the configu-
ration of the internal degrees of freedom, x the generalized
output position and D(q,x) the matrix representation of the
Dirac structure connecting the ports. No energy is added to
or removed from the system via the port (1,q) if

g €kerA(qg,z) Vq,zx (12)

where ker denotes the kernel.
Let the stiffness of system (11) be a function of the internal
degrees of freedom q € Q

K = K(q) (13)

If condition (12) is satisfied, the change of the stiffness
requires no power.

Proof: The proof follows from Eq. (10). If the stiffness
at the output port depends on the configuration ¢, then the
change of this configuration, i.e. ¢ # 0, while satisfying
Eq. (12) results in the following energy balance

dH 0H

- g(A(qax)q +B(g,x)d) = —F'i (14)
No power is supplied through the port (7,¢) and thus no
power is required to change the stiffness. |

Lemma 3.2: Given the port-based representation of a
variable stiffness actuator (11). Consider the metric

where AFE is the amount of work done when the stiffness is
changed of AK along a path defined in (3).

If the actuator has internal degrees of freedom such that
the relation ¢ € ker A(q,x),V q, x is satisfied when changing
the stiffness, then the metric is minimized, i.e. ;1 = 0.

Proof: The proof consists of two parts. First, we prove
that the path generated by ¢ € ker A is a valid path for
evaluating the metric. Then we will prove that this path yields
n=0.

Let 7o € Q be a configuration such that

ro={¢€ Q| F=0,zx=0,2=0,H(s) =0} (16)

Furthermore, let ¢(¢) be a velocity vector satisfying ¢ €
ker A,V ¢, x for all t. Then, along the path

)= [da, ) =ro (7)
the variation of the stored energy is
dH T
= Ty = 1
m T ¢=0 (18)

The first equality follows from the condition that no external
load at the port (F,x) is allowed. The second equality
follows from the fact that ¢ € ker A,V ¢, z. Since the Dirac
structure is power continuous and the initial conditions (16)
require that no energy is present in the system at ¢ = 0, the
neutral equilibrium is maintained along the path and thus the
path r(t) in Eq. (17) is a valid path for the metric.
Since along the path defined in Eq. (17)

OH 0HOds OH

dH = P 0s0q EA(q,x) (19)
it follows that, if ¢ € ker A,
(dH|7) = (dH|¢) = 0 (20)
and, therefore, ;1 = 0. [ ]
IV. COMPARISON OF VARIABLE STIFFNESS

ACTUATOR DESIGNS

In this section, we analyze three different types of variable
stiffness actuators. For all three designs, it is possible to
change the stiffness at the output port independently from the
change of the joint position. To achieve this behaviour, all
designs incorporate a nonlinear element. In order to analyze
the three actuators from an energetic point of view and to
compute the value of the metric, we model them in the
framework presented in Sec. III.

A. Design I

The first design is depicted in Fig. 3. It consists of two
series elastic actuators in an antagonistic setup. By operating
the motors in common mode, the stiffness of the joint is
changed. When the motors are operated in differential mode,
the position of the joint is changed. A compact realization
of this type of actuator is the VSA, presented in [3].

Note that this is a rotational actuator, therefore the gener-

AE alized output force F' is identified with a torque 7" and the
= ‘E (15) generalized output joint position x with an angle 6.
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Fig. 4. Design II - In this design, the change of the stiffness and the
output joint position 6 is decoupled. The linear motor My generates a linear
displacement g2 and is used for changing the output joint stiffness. The
nonlinear quadratic springs with fixed elastic constant k generate the output
torque. The equilibrium of the output joint position 6 is determined by q; .
Note that the end effector can rotate independently from the pulley.

By taking the time derivative of Eq. (30) and by using
Egs. (32), (33), we can model this actuator in the port-based
setting through a Dirac structure of the form of Eq. (9), i.e.

N 0 0 R 1 -R %%
$2 0 0 —-R 1 R||&
n|=|-R R 0 0 O 1 (34)
T2 -1 -1 0 0 O G2
T R —-R 0 0 O 0
The output joint stiffness is given by
or
K = — = —4kR? 35
20 q2 (35)

From Eq. (34), it follows that, for this type of actuator,
the matrix A(g, ) has full rank and, thus, it has no kernel
and we expect to find p > 0.

From Egs. (30), (33), it follows that the initial conditions
given in Eq. (2) are satisfied for (g1, q2) = (5, 0). In order to
keep the equilibrium, only ¢» is allowed to change, therefore
r(t) is given by

r@):{z], t€10,1] (36)

q
with ¢, € [0, g], where ¢ is the maximum allowed value for
this configuration variable. Then, AFE and AK are calculated
as

2
AE:§W3 (37)
AK = —4kR%q (38)
For this design we therefore also obtain
-2
q
== 39
I=Gqe (39

C. Design 111

The third design is a conceptual actuator, extensively
described in [9] and depicted in Fig. 5. The design is based
on the insights gained from the analysis in Sec. III. In

Fig. 5. Design IIT - This design is based on a lever arm with variable
effective length. The effective length of the lever is determined by the linear
motor g1 and determines how the stiffness of the linear spring with fixed
stiffness & is felt at the output. The degree of freedom given by the linear
motor g2 controls the equilibrium of the output joint position x.

particular, a decoupling of position and stiffness control is
achieved on a mechanical level, so that Eq. (12) is satisfied.
The mechanism relies on a lever arm with variable effective
length. This effective length depends only on the degree of
freedom given by the linear motor ¢; and determines how
the stiffness of the linear spring is felt at the output. Note
that 0 < q1 < ¢, since ¢ = 0 is a singular configuration.
The degree of freedom given by the linear motor ¢, controls
the output.

For simplicity, we assume that the lever length ¢ is large
compared to the displacement s, and thus that we may
assume o = 0.

The state s of the linear spring is

T —qz
q1

s={singp =1/ (40)

The linear spring has fixed elastic constant k and energy
function H(s) = %ksz. The force exerted by the spring, i.e.

the effort, is
_OH T — g2

=ks=Fk/
0Os 3 q1

(41)

€s

It has been shown in [9] that the generalized forces 7 and
Ty are

71 = — sin(¢)es

q1

! “2)
T2 = —€g

q1

Since the end effector is actuated by g¢», the output force
F=—m.

By taking the time derivative of Eq. (40) and by using
Eq. (42) we can model this actuator in the port-based setting
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